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1. FuncTIONS ON EUCLIDEAN SPACE

1.1. NorM AND INNER ProODUCT

Theorem 1-1 (1).

If z € R™,

z| >0,and [z| =0iffx = 0.

Proof. |z| = Z:Zl (z%)®. We know that v/Z > 0 for all z > 0, which
proves the first part. For the second part, if || = 0, then 37" (m’)Z =0.
Since each term in the sum is non-negative, each term must be zero.
Therefore, ¢ = 0 for all 4, which implies « = 0. The other direction is
trivial. [ |

Theorem 1-2 (3).

Ifzx € R, (z,x) > 0,and (z,z) = 0iff x = 0. (positive definiteness)
Proof.

(x,x) = (a:l)2 =|z|> >0 by Theorem 1-1 (1)
=1

The proof of the second part can be done in the same way. [ |

Theorem 1-2 (4).
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(z, ).
Proof.
o[ =4[ (@) = V(z,2)
i=1
]
Problem 1-1.
Prove that |z| < 377" |asl|
Proof. Since the functlon x +— z? is increasing, it suffices to prove that
lz|? < ( i:1|x |) . We have:
n g n ) 2
oY er X Jel = ($)
i=1 =1 1<i<j<n
|

Problem 1-2.
When does equality hold in Theorem 1-1 (3), which states that |z 4 y| <
|z| + |y| where z,y € R™?
Solution. The equality holds only when there exists ¢ € R so that ¢ > 0
and z = cy.
Proof. 1t’s easy to show that the equality holds given the condition. For

the other direction, we have:

n n n n
|x+y|2:Zm+y Z +2Zm"yi+2(y)2
=1 i1 -1 =1
and

(ol +191)* = Y- ()? +2lell + - ()

i=1
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Since we know that they are equal, we can conclude that:
n
[y =) 'y’
i=1

Recall that Theorem 1-1 (2) said that |z||y| = ’Z?zl xiyt
linearly dependent. However, we don’t have the absolute value on RHS.

iff z and y are

Notice that LHS is always non-negative. Therefore, R’S also needs to be
non-negative. This only holds when z* and y* have the same sign. When
they are linearly dependent and have the same sign, we can conclude that
x = cy for some ¢ > 0. ]

Problem 1-3.
Prove that |z — y| < |z| 4 |y|. When does the equality hold?

Proof. Notice that it suffices to prove that |x — y|? < (|z] + |y|)%. We
have:

n

-y =Y (' —y)°

1=1
= i (a7)” + Zn: (v')" - in"yi
=1 i=1 i

= =1
<> @)+ () +2d fa|y]
i=1 =1 i=1
= o2+ [yI* + 2la]ly]
= (|| + [y))?
|

Given the solution to previous problem, it’s quite trivial that the equality
holds only when there exists ¢ € R so that ¢ < 0 and z = cy.

Problem 1-4.

Prove that ||z| — |y|| < |z — y|.
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2 which is given by:

Proof. 1t suffices to prove that (|z| — |y|)? < |z —y

(Iz] = [y))* = |z + [y[* — 2[x|ly|

n
<zl +]yl2—2) 'y
=1

= |z —y|?

Problem 1-5.

The quantity |y — x| is called the distance between z and y. Prove the
interpret geometrically the “triangle inequality”:

|z —a| <|z—yl+ |y — =l
Proof.
z—z|=|z2—y+y—z| <|z—y|+|y—=z| by Theorem 1-1 (3)
|

Geometrically, this can be interpreted as the fact that the sum of lengths of
any two sides of a triangle is greater than the length of the third side.

Problem 1-6.

Let f and g be integrable on [a, b).

[rd=(f) (1)

(b) If the equality holds, must f = Ag for some A € R? What if f and g
are continuous?

(a) Prove that

(c) Show that Theorem 1-1 (2) is a special case of (a).

Proof. We start by proving the first part. The problem can be split into
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two cases:

1. There exists some A € R so that:

/ab(f—)\g)2=0

In this case, we would have:

b
[ (724225 —2219) =0

b b b
)\2/92—2)\/ f-g+/ f2=0

This is a quadratic equation in terms of lambda. This equation must
have exactly one real root since it’s non-negative everywhere. Since
we know that the discriminant must be zero, we have:

(7o) efef e
Lr=(Le) (L)

/b(f—A9)2>0

a

2. Forall A € R, we have:

Similarly, we would have:

b 2 b b
4(/ f-g) —4/{1 92/a £ <0
‘/bf.g<(/bf2)1/2.(/bgz>l/2
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Now consider the second part. Consider f = 1 and g = 0. Clearly, both
function are continuous on [a, b]. Meanwhile, the equality still holds.
However, we cannot find any A € R so that f = A\g. Therefore, the answer
is no.

For the third part, let’s define f; = ’ and g; = ¥ on [i — 1, i], and both
functions equal 0 elsewhere. Then, defined f = ZZ;  fiandg= Z;n: L9
Applying the first part, we have:

n ) n % 1/2 n % 1/2
i=1 i1 i=1 i1 i=1 i1
n " 1/2 " 1/2
Qg )2 )2
Savs (Ser) - (Swr)
i=1 i=1 i=1
(z,y) < |zlly|
which completes the proof of the third part. [ |

Problem 1-7.

A linear transformation T : R” — R™ is norm preserving if |T'(z)| =
|z|, and inner product preserving if (Tx, T'y) = (z,y).
(a) Prove that T' is norm preserving iff T is inner product preserving.

(b) Prove that such a linear transformation T is one-to-one and 7! is
of the same sort.

Proof. Simply consider the inner product (T'z, Tx) would prove that T is
norm preserving if T' is inner product preserving. The other direction is
not as trivial, but can be easily proved by the polarization identity:

ety —lz—y

(z,y) 1

This completes the proof of the first part.

The second part can be proved by contradiction. Suppose there exists
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z,y € R" so that x # y and T'(z) = T'(y). Then, we have:
T(z—y)|=|T(z) - T(y)| =0
However, since T is norm preserving. We would also have:
[z —y[=0
which implies that = y, causing a contradiction. [ |

Problem 1-8.

If x,y € R™ are non-zero, the angle between z and y, denoted Z(x, y), is
defined as arccos((z,y)/(|x||y|)), which makes sense by Theorem 1-1
(2). The linear transformation is angle preserving if T" is one-to-one and
for x,y # 0 we have Z(Tx, Ty) = Z(z,y).

(a) Prove that if T" is norm preserving, then 7' is angle preserving.

(b) If there is a basis z1, ..., x,, of R™ and numbers A, ..., A, such that

Tz, = \;x;, prove that T is angle preserving iff all |\,| are equal.

(c) What are all angle preserving 7" : R — R"?

Proof. The first part can be easily proven by the definition of angle. For
the second part, suppose there exists some i, j so that A; # A;. Let u =
z; + x;. We have:

L(Tu,Tx;) = Z( Ny + Nz j, Nz,

7 N

A
Lz, + N T T

(2

+ é(xi +z x) = Z(u,x;)

i T

which proves that all |\, | are equal if T" is angle preserving. The other

direction can be proven by decomposing vector into basis. Any vector u
. n ;
can be writtenas u = " | u'z;. Then, we have:

(Tu, Tv) = N {u,v)
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Therefore,

A2 (u, v)

é(TU, T'U) - W =

Z(u,v)

which proves that the transformation is angle preserving.

The third part asks about all the angle preserving linear transformations.
They are always compositions of rotation, reflection, and scaling. This can
be proven by writing T' = ¢, where ¢ > 0 is the scaling factor and @) is
an orthogonal matrix. [ |

Problem 1-9.

If0 <6 <, let T : R? — R? have the matrix
cosf sinf
—sind cosf
Show that T is angle preserving, and if z # 0, Z(z, Tz) = 6.

Proof. Notice that T is a rotation matrix with angle —6, which is:

cos(—f) —sin(—0)\ ([ cosf sinf) _ T

sin(—6) cos(—60) )] \—sinf cosf)
Therefore, it’s obviously angle preserving, and the angle between x and
Tx is exactly 6. u

Problem 1-10.

If T : R™ — R™ is a linear transformation, show that there is a number M
such that |T'(h)| < M|h| for h € R™.

Proof. Consider {ei}z | the set of standard basis in R™. Define M as:

M = max |T'(e;)|

1<i<m

Now we’d like to show that the inequality holds for all h. Note that A can
always be written as h = ZZ ) hte,. Therefore, we have:
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m

Z h'T (e;)

i=1

m

Z hie,

i=1

<M = M |h|

Problem 1-11.

If z,y € R" and z,w € R™, show that ((z, 2), (y,w)) = (z,y) + (z, w)
and [(z, 2)| = v/[z[? + |2|%.

Proof.

and

Problem 1-12.

Let (R™)" denote the dual space of the vector space R™. If x € R™, define
€ (R™)" by ¢, (y) = (z,y). Define T : R — (R")" by T'(z) = ¢,
Show that T is a one-to-one linear transformation and conclude that every

¢ € (R™)" is ¢, for a unique z € R™.

Proof. First, we can see that T is linear due to bilinearity of inner product:
T(az + BY) = Pagipy = @, + By, = oT(z) + BT (y)

For the sake of contradiction, suppose there exists x,y € R™ so that z # y
and T'(x) = T (y). By definition, we have ¢, = ¢,, which is that ¢ (2) =
¢, (z) for all z € R™. Thus, we have:
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By choosing z = e;, we can easily obtain that z° = 3’ forall 1 <i < n.
This is equivalent to z = y, which contradict with our assumption. Thus,
T is one-to-one. u

Problem 1-13.

If z,y € R, then x and y are called perpendicular (or orthogonal) if
(z,y) = 0.1f x and y are perpendicular, prove that |z + y|? = |z|2 + |y|2.

Proof.

n

|z + y|? = Z (z' + yi)z

1.2. SUBSETS OF EUCLIDEAN SPACE
Problem 1-14.

Prove that the union of any (even infinite) number of open sets is open.
Prove that the intersection of two (and hence finitely many) open sets is
open. Give a counterexample for infinitely many open sets.

Proof. Consider the union of open sets O defined by O = | J O,, where
each O, is open. To prove O is open, it suffices to show that an open
rectangle A exists for each z € O so that x € A C O. Since O is the union
of O;, there exists at least one O, for each x € O so that x € 0. Since we
know that O; is open, some A exists so that z € A C O; C O. Therefore,
O is open.

Now, to prove that the intersection of two open sets is open, consider O =
O; N O,. A given point x € O is contained by both O, and O,. Thus, since

10
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both sets are open, there exists open rectangles A; and A, so that z €

A; COjandz € A, € O,. Define A = A; N A,. While A is still an open
rectangle, we have z € A C O; N Oy = O. Therefore, the intersection of
two open sets is open.

A counterexample for the intersection of infinitely many open sets is A =
ﬂzl A, where A, = (0,14 1/n). A = (0, 1], which is not open. [ ]
Problem 1-15.
Prove that O = {x € R" : |z — a| < r} is open.
Proof. Let a point z € O be given. Define d = |x — a| and s = r — d. We
have an open cube A = {y e R™: Z?zl |yi — xz| < s}, and we can see
thatz € A C {y € R" : |y — x| < s} C O. Therefore, O is open. [
Problem 1-16.
Find the interior, exterior, and boundary of the sets
X={zeR":|z|<1}
Y={xeR":|z|=1}
Z:{xER”:miEQ}
Solution. X is a closed ball, so we have int(X) = {z € R : |z| < 1},
ext(X) =R" — X, 0X =Y.
Y is a sphere, so we have int(Y) = @, ext(Y) =R" - Y,0Y =Y.
For Z, we have int(Z) = &, ext(Z) = @, 0Z = R™.

Problem 1-17.

Construct a set A C [0,1] x [0, 1] such that A contains at most one point
on each horizontal and vertical line but 94 = [0, 1] x [0, 1].

Solution. let {z} denote taking the fraction part of x. Define:

A= {({\@n}, {\/gn}) :neNT}

11
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We can see that A contains at most one point on each horizontal and
vertical line. Meanwhile, we can see that 94 = [0, 1] x [0, 1].

It’s quite hard to rigorously prove the statement above without external
theorem. However, Kronecker’s Theorem in two dimensions says that the
sequence of fraction parts ({na}, {nf}) is dense in [0, 1] x [0,1] iff 1, o, B
are linearly independent over Q. This works for v/2 and v/3. Knowing that
this set is dense in [0, 1] x [0, 1], we can establish that there’s always some
point in the set that will be inside the open rectangle with z € B.

Problem 1-18.

If A C [0, 1] is the union of open intervals (a;, b;) such that each rational

number in (0, 1) is contained in some (a;, b,), show that 0A = [0, 1] — A.

1) 7

Proof. Tt suffices to show that (1) forallz € A,z ¢ 0A and (2) for all z €
[0,1] — A, z € DA.

To show (1), consider any rational number » € Q N [0, 1]. Obviously, r €
A. Moreover, some open interval (a;,b,) C A exists so that z € (a;,b;).

Therefore, r ¢ 0 A by the definition of boundary.

Now, consider some z € [0, 1] — A and some open rectangle with x € B.
Since x ¢ A, it suffices to prove that there exists some point y € B where
y € A. Meanwhile, we know that there’s some rational » € B N Q since
rationals are dense in R. Thus, we complete the proof for (2). [ |

Problem 1-19.

If A is a closed set that contains every rational number r € [0, 1], show

that [0,1] C A.

Proof. For the sake of contradiction, suppose there exists z € [0, 1] where
x ¢ A. Then, we have z € R — A. Since A is closed, R — A is open, and

R — AN (0,1) is open as well. Thus, there exists some open interval O C
R — AN (0,1). Since rationals are dense in R, there existsr € O C R —
A. However, we also have that every rational r € A, which leads to a
contradiction. [ |

12
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Problem 1-20.

Prove the converse of Corollary 1-7: A compact subset of R” is closed
and bounded.

Proof. Consider an open cover O of a compact set A. Since A is compact,
there exists a finite subcollection of open sets O’ that covers A. Since O’ is
finite, we can find a closed rectangle R that contains all the open sets in
O’. Therefore, A C R, which proves that A is bounded.

Now we’d like to prove that A is closed. It suffices to show that R” — A is
open. Consider any point x € R™ — A. For any points y € A, define d =
|z — y| > 0. Define d, = d/2 and B, = {z € R" : |z — y| < d/2}. The
collections of B, for all y forms a open cover of A. Therefore, there’s a
finite subcollection B; that completely covers A. Now we have:

d’ =mind; and U:{ZGR”: |zi—mi‘<d’}
¢ i=1

U is completely contained in R™ — A, which proves that R™ — A is open.
]

Problem 1-21.

a) If Ais closed and = , prove that there is a number d > 0 such that
(a) If Ais closed and = ¢ A, prove that th ber d > 0 such th
ly — x| >dforally € A.

(b) If Ais closed, B is compact, and A N B = &, prove that there is d > 0
such that |y — z| > dforally € Aand z € B.

(c) Give a counterexample in R? if A and B are closed but neither is
compact.

Proof. Since A is closed, R™ — A is open. Since x € R™ — A, there exists
some open rectangle so thatz € R C R" — A. Letd = min{|z —y| : y €
OR}. Note that d is guaranteed to be positive, and |y — x| > d for ally €
A since R is disjoint from A. This completes the proof for the first part.

In the second part, A N B = & implies that every point y € B have y ¢ A,

13



Calculus on Manifolds Summer 2026
which, together with the conclusion of part one, completes the proof of
part two.

The implication of being closed but not compact in Euclidean space is that
the set is not bounded. Therefore, consider:

A=R? and B=][0,00) x [0,1]
Both sets are closed, but neither is compact. [ |

Problem 1-22.

If U is open and C' C U is compact, show that there is a compact set D
such that C' C int(D) and D C U.

Proof. We first define an estimation of the distance from C to U:

r=mininf{|lz —y| : y e R* = U}
zeC
From the previous problem, we know that r > 0. Now we can define D:
D { ER": inflz —y| < T}
=1z :inflz — =
yeC yI = 2

Obviously, D is compact since it’s bounded by U and closed. C' C int(D)
since there’s an open set A = {z € R" : inf o]z —y| < §} C D. So we
have C C A C int(D). Meanwhile, all points in D is at least § away from
R™ — U, which implies that D C U. [ |

1.3. FuncTiOoNS AND CONTINUITY
Theorem 1-8.

If A C R", a function f : A — R™ is continuous iff for every open set
U C R™ there is some open set V C R"™ such that f~1(U) = V N A.

The theorem itself is an iff statement, but the only if direction is already
proven in the book. Therefore, we’ll only prove the converse.

Proof. Letapointa € Aandane > 0be given. ThesetY = {y € R™ :

14
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|y — f(a)|] < €} is open. Therefore, there is some open X C R" so that
f~1(Y) = X N A. Now, because X is open, we can always find open
rectangle B so thata € B C X.Let § = min, 5|z — a|. This §
guarantees that |f(z) — f(a)| < € for all |z — a| < 0, which completes the
proof of f being continuous. [ |

Theorem 1-10.

The bounded function f is continuous at a iff o( f,a) = 0.

Similarly, the only if direction is already proven in the book. Therefore,
we’ll only prove the converse.

Proof. Leta € Aand e > 0 be given. o(f,a) = 0 indicates that there is
some § > 0 with M(a, f,0) —m(a, f,d) < €. Note that f(z) and f(a)
both lie in the interval [m(a, f,d), M(a, f,§)]. Thus, the maximum
possible distance between f(z) and f(a) is controlled by the length of the
interval:

[f(z) — fla)] < M(a, f,6) —m(a, f,0) <&

This proves that f is continuous at a. [ |

Problem 1-23.

If f: A— R™ is continuous and a € A, show thatlim__,, f(x) = biff
lim, ,, f'(z) = b fori=1,...,m.
Proof. First, we assume lim,_,, f(z) = b and try to prove that each

component converges to the corresponding component of b.

Let € > 0 be given and fix 1 < ¢ < m. There is some § so that | f(z) — b| <
e for all z with |z — a| < é. For all z with |z — a| < §, We have:

|fiz) — b < \/Z |fi(z) —bi)* < |f(z) —b| <e
=0

This proves that lim,,_,, f(x) = b® forall 1 <i < m.

15
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Now, suppose that lim,_,, f*(z) = b’ forall 1 <i < m.Lete > 0be

given. For each 1 < i < m, there is some §, > 0 so that |f’(a:) — bi’ <
e/v/m for all x with |z — a| < §;. Let 6 = min, _,;,,, §;. Then, we have:

‘f(w)—b!=\/§:\f"($)—bil2£ \/f:§=e

This proves that f(z) converges to b at z = a. [

Problem 1-24.
Prove that f : A — R™ is continuous at a iff each f? is.

Proof. Simply applying the conclusion of the previous problem to the
definition of continuity proves this statement:

lim f(z) = f(a) + lm fi(z) = (f(@)) = fi(a)

r—a

Problem 1-25.
Prove that a linear transformation 7' : R™ — R™ is continuous.

Proof. According to Problem 1-10, there exists some M so that |T'(h)| <
M]|h| forall h € R". Let a € R™ and € > 0 be given. Let § = ¢/ M. Then,
for |z — a| < 4, we have:

|T(x) —T(a)|=|T(x—a)|] <M lz—a| < Mdé=c¢

Problem 1-26.
Let A= {(z,y) €R?:z >0and 0 <y < z%}.

(a) Show that every straight line through (0, 0) contains an interval
around (0, 0) which is in R? — A.

(b) Define f : R? - Rby f(z) =0ifr ¢ Aand f(z) = 1ifz € A. For

16
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h € R? define g, : R — R by g,,(t) = f(th). Show that each g, is
continuous at 0, but f is not continuous at (0, 0).

Proof. Every straight line through (0, 0) can be defined as L = {(z,y) €
R?:y = azx}. For every z € (0,a), we have (z,az) € L and y* = azx >
x? since < a. The part of L in this interval can be defined as L’ =

{(z,y) € L :x € (0,a)}, where L’ C R? — A.
Let € > 0 be given and fix h € R?. Define § = |hy/h3|. For all |¢| < 4

hy h3
fl=2-=2]-0
hy' b

This proves that g;, is continuous at 0. However, f is not continuous at
(0,0) since for any § > 0, we can find some (z,y) € A so that |(z,y) —
(0,0)| < 6. For instance, (\/3, \/3) is always in the neighborhood of (0, 0)
and in A. Therefore, f is not continuous at (0, 0). [

195(t) — 9,(0)] = [ f(th) — O] < =0<e¢

Problem 1-27.

Prove that {z € R" : |z — a| < r} is open by considering the function f :
R™ — R with f(z) = |z — a.

Proof. First, we can prove that f is continuous. Let € > 0 and z € R"” be
given. Let 6 = €. For |y — z| < §, we have:

f@)—fW)l=llz—al—ly—al[<|z—y[=¢

Note that the inequality is proven in Problem 1-4. We’ve proven that f is
continuous. Now, consider the set O = {z e R" : [z —a| <1} =

f71((0,7)). Since (0,7) is open and f is continuous, we have that O is
open as well. [ |

Problem 1-28.

If A C R"™ is not closed, show that there is a continuous function f : A —
R which is unbounded.

Proof. Suppose a € R®™ — A and a ¢ int(R™ — A). An f defined by

17
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f(z) = |z — a|~! would obviously be bounded. The only problem would
be proving that such a exists. Since A is not closed, R™ — A is not open.
Therefore, there exists some a € R™ — A so that a ¢ int(R™ — A). [ |

Problem 1-29.

If A is compact, prove that every continuous function f : A — R takes on
a maximum and minimum value.

Proof. This is quite trivial since f(A) is guaranteed to be compact by
Theorem 1-9 due to A being compact. Thus, f(A) is bounded by
Corollary 1-7. Therefore, f takes on a maximum and minimum value. =

Problem 1-30.

Let f : [a,b] — R be an increasing function. If x4, ..., x,, € [a, b] are
distinct, show that 2?21 o(f,z;) < f(b) — f(a).

Proof. Intuitively, the total oscillation of an increasing function is
bounded by the difference between the maximum and minimum value of
the function.

Since each z; is distinct, we can reorder them into {m;}:; , so that z; <
x; ., is true for all z;. Since the sum of oscillation is finite, reordering the
sum would change the result. Now we can choose a sequence {ti}:; o SO
that it partitions the interval and each interval have z € [t,_;,t,;]. Note
that t) = a and t,, = b. Consider o(f,z;)in1 < i < n:

6—0
To prove that o(f, x;) < f(¢;) — f(t,_1), we can show that M (x;, f,d) —
m(x;, f,0) < f(t;) — f(t,_y) for any § > 0. This is true because f is
increasing. Thus, we have:



Calculus on Manifolds Summer 2026

2. DIFFERENTIATION

2.1. BAsic DEFINITIONS
Problem 2-1.
Prove that if f : R™ — R™ is differentiable at a, then it’s continuous at a.

Proof. Let a € R™ and € > 0 be given. By definition, we have some linear
transformation A\(h) with:

o L@ ) = f(a) = A(h)|

h—0 |h| =0
Therefore,
: _ o flath) = fla) = AR
lim|f(a+h) — f(a) = A(R)| = lim ] “|h[ =0
Recall that in Problem 1-10, there’s some M with A(h) < M|h|:
lim A(h) = M lim|h| =0
h—0 h—0
Finally, we have:
tim|(z) — f(a)] = lim|f(a+ ) — f(a)
= lim|f(a+h) — f(a) = A(h)]
-0
=0
|

Problem 2-2.

A function f : R? — R is independent of the second variable if for each
x € Rwe have f(z,y,) = f(z,y,) for all y;,y, € R. Show that f is
independent of the second variable iff there is a function g : R — R such
that f(z,y) = g(x). What is f’(a, b) in terms of g’?

Proof. First, suppose that f is independent of the second variable. We can
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always define g(z) = f(z,y,) where y, € R. Obviously, f(z,y) =
f(@,90) = 9().

Then, suppose that such g(z) exists. We have f(z,y;) = g(x) = f(z,y5)
for all y;,y, € R. Therefore, f is independent of the second variable.

Moreover, we have f’(a,b) = (¢'(a),0) since f is independent of the
second variable. [ |

Problem 2-3.

Define when a function f : R? — R is independent of the first variable
and find f’(a, b) for such f. Which functions are independent of the first
variable and the second variable?

Solution. A function is independent of the first variable if for each y € R
we have f(z,,y) = f(z,,y) for all z;, z, € R, and a function f is only
independent of both variable iff it have f'(z,y) = (0, 0).

Proof. For such function, we have:

(h,k)—(0,0) |(h, k)|

Define g(y) = f(zy,y) and A(h, k) = g'(a) - h. This gives:
L Lfat b k) — fla,b) — Ah.R)
(h.k)=(0,0) (R, k)]

lg(a +h) —g(a) —g'(a) - hl
1m
(h,k)—(0,0) |(h, k)]

RHS is guaranteed to be 0 by definition of g’ and the fact that |h| <
|(h, k)|. Thus, we have that f’(a,b) = (0, g’(b)).

The conclusion about functions independent of both variables can be
derived from the conclusion of this and previous problem. [ |

Problem 2-4.

Let g be a continuous real-valued function on the unit circle {z € R? :
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|z| = 1} such that g(0,1) = ¢(1,0) = 0 and g(—z) = —g(z). Define f :
R? — R by

o= J () =0
0 z=0

(a) f z € R? and h : R — R is defined by h(t) = f(tx), show that A is
differentiable.

(b) Show that f is not differentiable at (0, 0) unless g = 0.

Proof. If x =0, h(t) is simply 0 everywhere and thus obviously
differentiable. So we’ll assume that = # 0. To show that h is differentiable,
considering the following:

X

h(t) = f(tz) = |ta] -g( ) — llf(@) =t f(z)

]
Since h is simply a linear function, it’s differentiable everywhere.

To prove that f is not differentiable at (0, 0) unless g = 0, computing the
partial derivatives gives:

of _ o £,0) — f(0,0) _ _
ax(0,0) —%li% ; =¢(1,0)=0
oy (0,0)= 550 s =9(0,1)=0

This shows that A(s,t) = 0, which is:
lim f(5,%) =0= lim g( (5,%) )
(s, 1)]

(s,)—(0,0) | (s, )] (s,)—(0,0)

However, on any straight path to the origin, we have that:

o(toaay) =)

Therefore, for this limit to exists, g have to be 0 everywhere. [ |
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Problem 2-5.
Let f : R? — R be defined by
] (z,y) #0

f(z,y) = /22 + 42

0 (l‘,y)zo

Show that f is a function of the kind considered in Problem 2-4, and that
f is not differentiable at (0, 0).

Proof. Let g(z,y) = 2|+z‘/2 It’s not hard to verify g is continuous on the
unit circle, g(0,1) = ¢(1,0) = 0, and g(—x) = —g(z). Therefore, f is a
function of the kind considered in Problem 2-4. By the conclusion of

Problem 2-4, we have that f is not differentiable at (0, 0). [

Problem 2-6.

Let f : R? — R be defined by f(z,y) = +/|zy|. Show that f is not
differentiable at (0, 0).

Proof. Tt suffices to show that there’s no linear transformation A(h, k) so
that

|/ThE] = A(h, k)| _

lim
(h,k)—(0,0) |(h, K)|

Since A(h, k) is linear, it must takes the form of A\(h, k) = ah + bk.
Therefore, we have:

|/ThE] — ah — bk|

lim
(h,k)—(0,0) |(h, k)|

Suppose that such limit exists, then given € > 0 there exists some § > 0 so
that for all |(h, k)| < 6, we have:

| /ThE] — ah — bk| g
VTR
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However, we can choose h = k so that |(h, k)| = v/2|h| < 6. Then, we
have:

VIR —ah—bh| |1 a1
V2|h| V2

Clearly, that this cannot be controlled by the choice of § and would fail for
small enough . Therefore, f is not differentiable at (0, 0). |

Problem 2-7.

Let f : R™ — R be a function such that |f(x)| < |z|?. Show that f is
differentiable at 0.

Proof. Consider the definition of differentiability at 0 and let A(h) = 0:
|[f(h) = f(0) = A(h)]| |2

My 7] < Jim 7] 0

Since the expression inside the limit is non-negative, the limit exists and f
is differentiable at 0. u

Problem 2-8.

Let f : R — R2. Prove that f is differentiable at a € R iff ! and f? are,
and that in this case

Proof. Suppose that f is differentiable at a. Then, there exists some linear
transformation A(h) so that

o L@t ) — f(a) = A(h)|

h—0 ‘h‘

=0

Fori =1, 2, there is
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[Fi(at )~ (@) = X8| _ |f(a+h)— f(a) = A(h)|
A = h]

Therefore, f* and f? are differentiable at a. Now, suppose that f! and f2
are differentiable at a. Given € > 0, we have that

£t h) — fila) =N _ e
|h| -2
for |h| < 9,. Let 6 = min(d;, d,), there is
[f(a+h)— fla) = A(h)|
Al
- |f'(a+h) —‘i‘i(a) — \'(h)| N |[f'(a+h) —“J:;(a)—x(h)l

<e

This proves that f is differentiable. Since we already know that ( f 1)/ and
( fz)’ are unique, this also shows that components of f’ are the derivatives
of the components of f. [ |

Problem 2-9.

Two functions f, g : R — R are equal up to nth order at a if

lim fla+h)—g(a+h)

=0
h—0 h™

(a) Show that f is differentiable at a iff there is a function g of the form
g(x) = ag + a,(x — a) such that f and g are equal up to first order
at a.

(b) If f'(a), ..., f™(a) exist, show that f and the function g defined by

n ) (g ,
o@) =3 T —ay

Py S

are equal up to nth order at a.
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Proof. The statement in (a) is not always true since there might be a
removable discontinuity at a. We would also assume that f is continuous
at a to avoid this problem.

First, suppose that f and g are equal up to first order at a. We have

lim fla+h)—ayg—ah
h—0 h
lim f(a +h) —ag = 0

=0

}Ll_)néf(a+h) =0

By continuity, we have f(a) = a,. Therefore, there is

oo fat ) = f@) —ayh

h—0 h =0

which proves the differentiability of f at a.

Now assume that f is differentiable at a. Let g(x) = f(a) + f'(a)(z — a).
Then, by definition, we have

i (@) = F(@) = /' (@)(z — )

=0
h—0 |h|

Substituting in g would show that f and g are equal up to first order at a.

Now consider the limit:

n @) (a) 44
. fla+h) ="
h—0 h™

Note that both denominator and numerator approaches 0. Therefore,
applying L’Hospital’s rule on this limit n — 1 times would give us

Fo D (g +h) — 3" fa) pi-n+1

i=n—1 (i—n+1)!

nlh
1 fV(a+h)— f™V(a) — f™(a)h
Tl h
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The problem now becomes the exact same problem as (a) with f (n=1) and
f™ instead of f and f’. Therefore, we can apply the same argument to
show that the limit is 0, which proves that f and g are equal up to nth
order at a. [ |

2.2. BAsic THEOREMS
Corollary 2-4.
If f,g: R™ — R are differentiable at a, then
D(f +g)(a) = Df(a) + Dg(a)
D(f - g)(a) = g(a)Df(a) + f(a)Dg(a)
If, moreover, g(a) # 0, then

g(a)Df(a) — f(a)Dg(a)
[9(a)]?

The first equation is already proven in the book. We’ll prove the others.

D(f/9)(a) =

Proof. p(x,y) = x -y is proved to be differentiable in Theorem 2-3. Since
f-g=pe(f,g), we have
D(f - g)(a) = D(p(f(a),9(a))) ° D(f, g)(a)
= (9(a)z + f(a)y) o (Df(a), Dy(a))
= 9(a)Df(a) + f(a)Dg(a)
f/g is alittle more tricky. Let h(z,y) = x/y. Then, we want to prove that

bx —ay
Dh(a, b)) =

To start, let A\(z,y) = (bx — ay)/b?. Then,

) |h(a+t, b+ s) — h(a,b) — A(t, s)|
lim
(t,5)(0,0) (¢, )|

With some algebra, we can simply the limit to
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|s|  |bt —as]
(2, 5)[ [62(b + 5)]

The first term is bounded by 1 and the second term approaches 0 in the
limit. Therefore, the limit is 0 and h is differentiable at (a, b). Then, we can
obtain the result with similar argument as the product rule. [ |

Problem 2-10.

Use the theorems of this section to find f’ for the following:
@ f(z,y,2) =2
(b) f(z,y,2) = (2¥,2)
(¢) f(z,y) =sin(zsiny)

z,y,z) = sin(z sin(y sinx))

z,Y,

(
(
() f(z,y,2) =a¥
®) f(z,y,2) = 2¥**
@ f(z,y,2) = (z +y)*
() f(z,y) = sin(zy)
@) fz,y) = [sin(zy)]"=?
(4) f(z,y) = (sin(zy),sin(zsiny), z¥)
Solution
(a) f’(fﬂa% Z) = (y ' xy7171nl' . xy70)
y—1 In Y
) F@y,2) = (y‘f) e ?)

(¢) f'(z,y) = (cos(xzsiny)siny, z cos(x siny) cosy)
(d) f(@,y,2)

_ (cos(zsin(ysinx))(sin(ysinz) + zy cos(ysinx) cos x) T
N xy cos(z sin(ysinx)) cos(y sin x) cos =

(e) f,(l"ay, Z) = (yz . l'yZ*l,ZlniL‘ cx¥ yzfl’lnxlny N LA yz)
O F@a) = (u+5)- 0 Iz a7 Ina - 20%)
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@ f'(z,y,2) = (2(x+y)" ", 2z +y)* ", In(z +y) - (x+y)*)
(z,

(h) f'(z,y) = (y cos(zy), = cos(zy))

(i) f'(z,y) = (cos3 - [sin(zy)]*3 ! -y cos(zy), cos 3 - [sin(zy)]®=>~T -
z cos(zy))
y cos(zy) z cos(zy)
() [ (z,y) = | cos(zsiny)siny z cos(zsiny)cosy
y-av! Inz - zv

Problem 2-11.
Find f’ for the following (where g : R — R is continuous):
@ flzy) =)
®) f(ey)=["g
© flz,y,2) = szn(x sin(y sin 2)) g
Solution.
@ f'(z,y) =(9(z +y),9(z +y))
b) f'(z,y) = (y-9(zy),z - g(zy))
(c) Let G; = g(sin(zsin(ysinz))), G, = g(z¥)
f(@,y,2)
G, - cos(zsin(ysin z)) sin(ysinz) — G, - yz¥—1
= | Gy - x - cos(zsin(ysin z)) - cos(ysinz)sinz — G, - Inz - ¥
G, - zy - cos(z sin(ysin z)) - cos(y sin z) cos z
Problem 2-12.

A function f : R™ x R™ — RP? is bilinear if for z, z,, x, € R",
Y,Y1,Ys € R™, and a € R we have
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flaz,y) = af(z,y) = f(z,ay)
[z +29,y) = flz1,y) + f22,9)
@y +y2) = f(@, 1) + F(z,95)
(a) Prove that if f is bilinear, then
B
(h,k)=0 |(h, k)|
(b) Prove that Df(a,b)(z,y) = f(a,y) + f(z,b).

(c) Show that the formula for Dp(a,b) in Theorem 2-3 is a special
case of (b).

Proof. First, since that f is bilinear, we have that
~ 1SS ) 353w
i=1

i=1 j=1

Taking the norm gives

2D K f(eiuy)

=1 j=1

) <30SR [ (enw,)]

=1 j5=1

Now define

M = max ’f(e u)|

1<i<n,1<j<m B

We have that
RHS < ° "|h|[k|M < nmM - |h||k|
i=1 j=1

Since nmM is a constant, we can factor it out of the limit:

|f(h, k)| . |h[lk]
VAP M- 1
oo [ T wso (K]
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For the limit above, we have
|h||&| < [R[? 4 k]2

as part of the QM-AM-GM-HM inequality, which gives

h||k
MM < i

The limit of RHS converges to 0, and thus proves the desired result.

The second part is equivalent to proving that

lim |f(a+h,b+k)— f(a,b) — f(a, k) — f(h,])]
(h,k)—0 |(h, k)|

=0

To prove this, consider that
fla+hb+k)= fla,b+k)+ f(h,b+ k)
= f(a,b) + f(a, k) + f(h,b) + f(h, k)

Substituting this into the limit produces the limit in part one. Therefore,
we complete the proof of part two.

The third part is basically showing that the product function is bilinear.
This is true as multiplication and addition form a ring on the reals. [ |
Problem 2-13.
Define IP : R™ x R™ — R by IP(z,y) = (x,y).
(@) Find D(IP)(a,b) and (IP)’(a,b).

(b) If f,g : R — R™ are differentiable and h : R — R is defined by
h(t) = (f(t),g(t)), show that

h(a) = (f'(a)",9(a)) +(f(a), g'(a)")

(¢) If f : R — R™ is differentiable and | f(¢)| = 1 for all ¢, show that
(F'@®7, f(1) = 0.

(d) Exhibit a differentiable function f : R — R such that the function
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| f| defined by |f|(t) = | f(¢)] is not differentiable.

Proof. Since inner product is bilinear, it satisfies all the property
mentioned in the problem above. Therefore, we have that

D(IP)(a,b)(z,y) = (a,y) + (z,b)
(IP) (a,b) = (b7, a")

Notice that h = IP o (f, g), by the chain rule, we have

B () = TP (f(t), g(t))(f'(£),g'(t)"
=((g@®)T, FOT), (f'@®)T, g ®)T))
= (/)7 9(t)) + (f(1),g'())T)

In the third part, | f(¢)| = 1 tells us that f is either 1 or —1. However, since
f is differentiable, it has to be continuous. This means that it’s either

constantly 1 or constantly —1. Thus, f’ = 0 everywhere, and the inner
product would also be 0.

The fourth part asks for a function that’s differentiable whereas its
absolute value is not differentiable. f(t) = t would already satisfy the
condition as it’s not differentiable at 0. [

Problem 2-14.

Let E;,7 = 1, ..., k be Euclidean spaces of various dimensions. A function
[ By X - X Ej, — RP is called multilinear if for each choice of z; €
E; # i the function g : E; — RP defined by

9(x) = F(T1y ey Ti1, T, Tyqy ey Ty
is a linear transformation.

(a) If f is multilinear and i # j, show that for h = (hq, ..., h;,), with
h, € E;, we have
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(b) Prove that
k
Df(ay,...;a;)(zqy,...,zt) = Z flaqg, a1, 25, 0,04, ...,a5)

Proof. Since g(z,y) = f(ay,..., 2, ..., Y, ..., a;,) is bilinear, we have that

from Problem 2-12. Meanwhile, we know that

|(Ri; hy)| < IR

(2 J
which proves the limit converges to 0.
Now, the goal is to prove that

. ‘f(a +h)— f(a) — Zle flay,...a;_q1,hi a4, ...,ak)‘
lim

Hm ] =0

Define
Z,={I:|I|=n,I cNN[1k]}
V, = {a—Z(ai —hy)e; : I eIn}
il
f(a + h) can be expanded as:
fla+h) = fa; +hy,y.yay + hy)
= f(a) + 2; flo) + 2:; f(v)

All terms except the last one cancel out with existing parts of the limit.
Thus, it suffices to show that for 2 <n < k,v € V, there is

O
h—0 |h|
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To prove this, fix 2 <n < kand I € Z,,. Define d; = dim E; and

J:

=

NNL,d]

i=1
It follows from the similar process as Problem 2-12:
J; J.
100 = 3 (T )5 (0= o))
JeJ \el i€l
To simplify, take its upper bound:

f<a_§:@ﬂ,_4ﬁ)‘

el

M = max
JeJ

Taking its norm gives

OSSN I 4B § [

JeJ iel JeJ iel

Since the product not with respect to J, we can factor out its dimension by
defining D = [].

el d’

[f(0)] < MD-[]Inl

iel
From the inequality
1 n/2
i< (SXme) <o
icl " Ger
Now, putting this back into the limit, we have

lim O] <n™2MD - lim |h|"1 =0
h—0 |hl| h—0

Note that this holds whenever n > 2, which is part of our assumption.
Therefore, we have proven the desired result. [ |
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Problem 2-15.

Regard an n X n matrix as a point in the n-fold product R" x --- x R™ by
considering each row as a member of R™.

(a) Prove that det : R™ x .- x R™ — R is differentiable and
ay

n :

D(det)(ay,...,a,) (1, ..., x,) = Zdet x;

i=1 :

an

(b) If a;; : R — R are differentiable and f(t) = det(a,;(t)), show that

a‘ll.(t) al’r%(t)

F =3 det| an/() -+ a0

(c) If det (aij (t)) # 0forallt and by, ..., b, : R — R are differentiable,
let 54, ..., 8,, : R — R be the functions such that s, ..., s,, are the
solutions of the equation

D ay(t)s;(t) =b,(t) i=1,..,n
=1
Show that s, is differentiable and find s,’(t).

Proof. Notice that determinant is multilinear, applying the result from
Problem 2-14 is sufficient to prove the first part.

The second part is simply chain rule. Since there is f = det o (ai j (t)),
there is

F/(t) = det’(a;(t)) (as,’ ()

Then matrix multiplication gives the desired result.
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For the third part, recall that applying matrix to a vector is equivalent to
solving a system of equation Ax = b, and an explicit formula for the
solution is given by Cramer’s rule:

o - det A,
tT det A

where A, = A with ith column replaced by b

Thus, the explicit formula for s, is

, a () - by(t) - ag, ()
det . . .

s;(t) = W an1.<t) bn‘(t) am;(t)

Since s, (t) are compositions of differentiable functions, they are
differentiable. To find s,’(t), we can apply the quotient rule and the result
from part two to obtain

all_(t) bl‘(t) ‘117%(0
Si,(t) - - det(aij@))idet ajl:/(t) bj’:(t) ajn:/<t)

a’nl(t) bn(t) ann(t)

a1 (t) = a1, (t)
ay(t) = by(t) - a, () n : :

—det| s P D det| an() o ag(1)
2551 (t) bn(t) a’nn(t) 3=1
an1 (t) ann(t>

Problem 2-16.

Suppose f : R — R" is differentiable and has a differentiable inverse

/

f1:R® = R™. Show that (f~1)'(a) = [f'(f(a))] .

Proof. Thereis f o f~! = Iz. Taking derivative on both side gives:
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which completes the proof. [ |

2.3. PARTIAL DERIVATIVES
Problem 2-17.

Find the partial derivatives of the following functions:

@ f(z,y,2) =av
(b) f(z,y,2) ==z
(¢) f(z,y) =sin(zsiny)
(d) f(z,y,z) = sin(xsin(ysin z))
e) f(.’E Y,z ) =¥
©® flz,y, Z) = (z+y)*
(h) f(z,y) = sin(zy)
@) f(z,y) = [sin(zy)]"?
Solution.
@) D, f(z,y,2) =yz¥"
D,f(z,y,z) =Inzx - a¥
DSf(x Y,z ) 0
(b) D, f(z,y,2) =0
sz(l' Y,z ) 0
DSf(x Y,z ) 1
(¢) D, f(x,y) = cos(xsiny)siny
D, f(z,y) = xcos(xzsiny) cosy
(d) D, f(x,y,z) = cos(zsin(ysin z)) sin(y sin )
D, f(z,y,z) = xcos(zsin(y sin z)) cos(y sin z) sin z
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D, f(x,y, z) = zy cos(x sin(y sin z)) cos(y sin z) cos z
() Dy f(z,y,2) = y*z¥!
L f(2,y,2) = zlnz - 2V y* !
Dyf(z,y,2) =Inzlny z¥y*
() Dy f(z,y,2) = (y + 2)z¥***
L f(z,y,2) =Inx - 2Vt?
s f(z,y,2) =lnx - 2¥*?
@ Dif(z,y,2) = 2(x +y)*
2 (2,y,2) = 2(z +y)*
3 f(2,y,2) = In(z +y) - (z +y)*
(h) D, f(z,y) = ycos(zy)
2 f(@,y) =  cos(zy)
1 f(z,y) = cos 3 - ylsin(zy)]** >~ cos(zy)
L f(z,y) = cos 3 - z[sin(zy)]*°3~! cos(zy)

Problem 2-18.

Find the partial derivatives of the following functions (where g : R — R is

continuous):
@ fly)=[""g
®) f(w.y)=["g
© flz,y)=["g
@ flay) =g
Solution.

@) Dy f(z,y) =g(z +y)
D, f(z,y) = g(z +y)
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(b) Dy f(z,y) = g(z)
Dy f(z,y) = —g(y)
(¢) Dy f(z,y) = yg(zy)
D, f(z,y) = zg(zy)
(d) Dy f(z,y)=0
Dy f(z,y) = 9(/ 9) - 9(v)

Problem 2-109.

If f(z,y) = = + (log x)(arctan(arctan(arctan(sin(cos zy) — log(z +
y))))) find D, f(1, ).

Solution.

D,f(1,y)=Inl1-(--)+Inl-(+)=0

Problem 2-20.

Find the partial derivatives of f in terms of the derivatives of g and A if

@ f(z,y) = g(z)h(y)
) f(z,y) = g(z)"®
(© f(z,y) =g(x)
@) flz,y) =g(y)
() f(z,y) =g(z+y)
Solution.
@ Dy f(z,y) =g'(z)h(y)
D, f(z,y) = g(z)h'(y)
(b) D, f(z,y) = h(y)g(z)"V g (z)
D, f(z,y) = Ing(x) - g(z)"@n’ (y)
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© Dif(z,y) =g ()
Dy f(z,y) =0

d) Dy f(z,y) =0
Dy f(z,y) =g (y)

(€ Dy f(z,y) =g'(z+y)
Dy f(z,y) =g (z +y)

Problem 2-21.

Let g1, g, : R? — R be continuous. Define f : R? — R by
x y
flew) = [ a0t [ g
0 0

(a) Show that D, f(x,y) = go(z,y).

(b) How should f be defined so that D, f(z,y) = ¢, (z,y)?

(c) Find a function f : R? — R such that D, f(z,y) = z, D, f(z,y) =
y. Find one such that D, f(z,y) = y and D, f(z,y) = x.

Solution. Since the only part of f with respect to y is the second part, by
the fundamental theorem of calculus, we have

Y
D2f(m7y) = %/ g2(xat) dt = 92(x7y)
0

Mimic the structure in the second term in the first term will satisfy
condition in the second part.

flz,y) = /z 91 (t,y) dt+/ygz(0,t) dt
0 0

The two function that satisfy the condition in the third part are

a:2+y2
2

fz,y) = and  f(z,y) = zy
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Problem 2-22.

If f: R? - Rand D, f = 0, show that f is independent of the second
variable. If D, f = D, f = 0, show that f is constant.

Proof. Fix x € R. Define g(y) = f(z,y). There is ¢’ (y) = D, f(z,y) = 0.
By Mean Value Theorem, for any y;,y, € R, y; < y,, there is

9(Y2) — 9(¥1)

=9 (y)=0
Yo — Y1 <>

Therefore, f(z,y;) = f(x,y,) for any y; # y,, and the value must be
equal whenever y; = y,, which proves that f is independent of the second
variable.

To prove the second part, we can follow the similar step to prove that f is
independent of the first variable. Then, assuming f(z,y,) = C at some
arbitrary point, we get f = C everywhere. [ |
Problem 2-23.
Let A= {(z,y) € R?* : 2 < 0,0r z > 0 and y # 0}.
(@ If f: A— Rand D, f = D,f =0, show that f is constant.

(b) Find a function f : A — R such that D, f = 0 but f is not
independent of the second variable.

Proof. Given two arbitrary points (z,¥;), (75, y,) € A. There exists x’
where z; < 2’ and 2’ > 0. Define L : R* x R? - {A C R?}

L((aw,ay),(bx,by)) = {(m’y) cR2: rT—a, Y—a, }

a,—b, a,—b,

Notice that f is constant along L(a, b) as long as L(a,b) N {(z,y) : <
0 and y = 0} = &. Therefore, we have

flxy,y1) = f(@',91) = f(2',y2) = f(Ta,9s)

because L connecting those points are always on domain of f. Since the
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two points are arbitrary, f is constant.

For the second part, consider the function f : A — R defined by

_Jet/* z<0andy>0
fz,y) = {0 otherwise

This function is differentiable everywhere on its domain, and D, f = 0, but
Problem 2-24.
Define f : R? — R by
z2—y2
Flz,y) = LY g2qy? (z,y) #0
0 (z,y) =0
(@) Show that D, f(z,0) = z for all z and D, f(0,y) = —y for all y.
(b) Show that D; ,f(0,0) # D, ; f(0,0).
Proof. 1t suffices to prove that

h—0 h

If z = 0, then L obviously converges to 0. Thus, suppose = # 0, we have

I—1 azh(mQ—hz)_ y a:2—h2_
TR0 (22 +R2DR hs0z? R

The other limit can be proven similarly

_ f(hyy) = f0,y)  hy(h*—y?)
s h S

Then, the second derivatives at (0,0) can be computed as

D, ,£(0,0) = lim D1£(0,h) — D1 £(0,0) = lim —h=0

=-1
h—0 h h—0

41



Calculus on Manifolds Summer 2026

. D,f(h,0)— D,f(0,0) h—0
D2,1f(0’0):}111£>1[1) 2( )h 2( ): h/ :1

Therefore, D; ,f(0,0) # Dy, f(0,0). [

Problem 2-25.
Define f : R — R by

rm={s7 318

Show that f is a C* function, and f*(0) = 0 for all .

Proof. First, consider the nth derivative of f where z # 0. We can prove
that it always takes the form
@) = Bo(a e

n

where P, is a polynomial through induction. The base case is trivial.
Suppose it holds for n = k, then forn =k + 1

2

fEY) = p/(x71) (—m_2)e_z72 — P (z71) - 2z73e
(B ) () = By a )25 Y

n n

= By(a e ™"

This completes the induction. Then, we can apply induction to prove that
f™(0) = 0. The base case holds by definition. Suppose f™(0) = 0, the
(n + 1)th derivative is given by the limit

F () Bz )e”

(n+1) — 1 —1;
Jrr(0) = Jimy === = lim 7

-2

Substituting ¢t = 1/h gives:

hm Pn+1 (t)

tooo  het?

Both numerator and denominator diverges to infinity, but we know that
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exponential function diverges way faster than polynomial. Therefore, the
limit goes to 0, which completes the induction. Since the nth derivative of
f is defined everywhere for all n, f is a C'"* function. [ ]

Problem 2-26.

Let

e @) e (@) g e (—1,1)

(a) Show that f: R — R is a C'* function which is positive on (—1,1)
and 0 elsewhere.

(b) Show that there’s a C'*° function g : R — (0, 1] such that g(z) = 0
forr <0Oand g(z) =1forz > .

(c) Ifa € R™, define g : R™ — R by
g(z) = f([z" —a']/e) - .. - f([z" — a"]/e)
Show that g is a C*° function which is positive on
(a' —e,al + &) x - x (a" —¢e,a™ +¢€)
and zero elsewhere.

(d) If A C R™ is open and C' C A is compact, show that there is a non-
negative C* function f : A — R such that f(z) > 0 for z € C and
f = 0 outside of some closed set contained in A.

(e) Show that we can choose such an f so that f: A — [0,1] and
f(z)=1forz € C.
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