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1. Introduction

1.1. Incentives behind Relativistic Electrodynamics

You might have tried to play with electric and magnetic fields under different reference
frames, and found that Maxwell’s equations don’t seem compatible with classical Galilean
transforms.

For instance, consider a rested point charge ¢. It’s electric field can be easily calculated
using Gauss’s law, and is given by:
I ¢

E(r)=— %5
") = Ty T

and there’s no magnetic field.

However, consider another reference frame moving at a constant velocity v = vZ. Under
classical mechanics, the electric field remains the same, but we also have a magnetic field
given by Ampere’s law:

o qU X 7
(r) = ko
dm |72

Obviously, if we place a test charge in this field, it will experience different forces in the two
reference frames, which isn’t physically reasonable as we shouldn’t cause different physical
phenomena by just changing our perspective.

Therefore, we are motivated to consider electrodynamics under a new perspective, and that’s
where special relativity comes in.

1.2. Recap of Special Relativity
Recall that we follow two important postulates in special relativity:

1. Laws of physics are same under every inertial reference frame.
2. Speed of light in vacuum remains constant.

Through a series of thought experiments, we can derive the Lorentz transforms, which relate
coordinates of events under different inertial reference frames.

Before listing all the equations, let’s first establish some notations. We will use § to denote a
reference frame, and the coordinates of an event in this reference frame will be denoted by

x = (t,z,y, z). Accordingly, in another reference frame S’, the coordinates of the same event
will be denoted by &’ = (¢',2",y’, 2’).
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Suppose 8’ is moving at a constant velocity v = vZ relative to S. We will define the Lorentz
factor v as:

1
LNy

Then, we can express the Lorentz transforms as:

t' =7(t —vz/c?)

o ' =y(x—nt)
° y/:y
[ ) Z’:z

Now, consider a particle moving at a velocity u = (ux, u uz) in §. We can derive the

y7
velocity transforms as:
v—u

S S R "

This is known as Einstein’s velocity addition formula, and it ensures that the resulting
velocity never exceeds the speed of light.

2. Magnetism as a Relativistic Phenomenon

Figure 1: A moving charge g and line charges with linear charge density under the rested
reference frame S, red arrows indicate the magnetic field generated.

Let’s consider a simple setup: suppose there’s a line of charge with linear charge density A,
moving along the z-axis at a constant velocity vz. Meanwhile, there’s another line of charge
with linear charge density —\ on the exact same line, but moving towards the opposite
direction with same speed v. Near the line of charge, there’s a point charge ¢ moving at

velocity uz.
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Let’s call the reference frame where we described the above setup S. Figure 1 shows the
setup under this reference frame.

e Under this reference frame, the two electric fields produced by the two line charges cancel
each other out, leaving a net electric field E = 0.
e Due to the motion of line charges, a current I is generated, given by:

I =2\vz
and the magnetic field B produced by this current is given by:

B(r) = pol X7 poAv

= (T x )
2alr] ]

Therefore, the point charge ¢ experiences a magnetic force given by:

A
Fy = qu x B = 1021

7|7

Figure 2: The same setup under the reference frame S’, where the point charge g is at rest,
blue arrows indicate the electric field generated.

Now, Consider this setup from another reference frame S§’, which is moving along the z-axis
at a constant velocity uf relative to S. Thus, the point charge ¢ is at rest under this
reference frame, and the two line charges are moving at:

o — vFu
1 Fou/c?
as given by Eq. 1.

This tells us that v, > v” in &', which accordingly causes the linear charge density to be
different under S’, which can be calculated using the Lorentz contraction as:
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1

N, =47, where vy, =

It’s worth noting here that Ay # A since the linear charges are already moving at speed v

under §, and thus we have:

1

V1—v2%/c?

A =7\, wherey=

Notice that we can simplify ~_:

2
1 _ vFu
’)/ = " — 1—C2 e
+ 1/1—’[);:2/02 i 1:[:1)’&/02

. 1_02< vFu )2

c? Fou

(¢ Fou)® — (v F u)?
(2 F vu)?

c Fou

\/(c2 Fou)? — (v Fu)?

N

(¢ Fou)® — (v F u)?
= (c* + (vu)? F 2vuc?) — (c*v? + c2u? F 2vuc?)
=c* — c2v? — c?u? + (vu)?

= (2 —0?)(? —u?)

B c? Fou
NCEICET
1 F vu/c?
e WE e e —u?
_ 1 1 F vu/c?
a V1—v%/c?\/1—u2/c?
1 F vu/c?

Py\/l —u?/c?
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Therefore, the total linear charge density under S’ is given by:
—2vu/c? —2\vu
Aotal = A —y_) =~ =
o =200 1) =0 S = T vy

From Gauss’s Law, the electric field produced by the line charges is given by:

’
E/ (’I") — total 7
2meg||r|

and the electric force experienced by the point charge ¢ is given by:
—2Aquu r 1 Aquu

—_ i
2\ /1 — 2] 2meg|r] V1 —uZ/c2m|r|eoc

Now, we can compare this to the magnetic force Fg under the reference frame S.

Recall that Fjg is given by Eq. 2. We can transform Fg under S to §” using the Lorentz
transforms:

1 HoAQUU
7

V1—u?/c 7|

This still differs from Eq. 3. However, consider the fact that pyeoc? = 1, we can rewrite the

F/:fy'u,FBz_

above equation as:

;o 1 (8002)_1>\Q’UUA
V1—u?/c? g
1 Aquu

— T
V1 —u?/c2m|r|eoc?

which is exactly the same as Eq. 3. Therefore, we can conclude that the magnetic force Fg
under S is exactly the same as the electric force Fg under S’.

3. Transformation of Electromagnetic Fields

After examining a specific example to see how magnetism can be explained as a relativistic
phenomenon, we would like to derive the general transformation rules for electromagnetic
fields under different reference frames.

For this purpose, we can start by considering a system with two parallel, uniformly charged
capacitor, respectively with charge density o, and —o, both at rest under the reference
frame S,. This configuration is shown in Figure 3.
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+0o

Figure 3: Two parallel, uniformly charged capacitor under the reference frame S,. Blue
arrows indicate the electric field generated.

Since the two plates are at rest under S, the electric field under S, generated by the
capacitor is given by:

00 A
€o

Now, consider another reference frame S, which is moving at a constant velocity v, = v,&
relative to §.

+o09

Figure 4: The same setup under the reference frame S.

In this reference frame, the density of charges on the plates changes due to the Lorentz
contraction (since length is contracted), and is given by:



Relativistic Electrodynamics 2025-2026

1
0 =",0, Wwhere y,=
1—v2/c?
The electric field under S is given by:
o . 0o .
E=—z= ’Yo—oz = Yo Eo (4)
€o €o

This gives us the rule for transformation of electric fields under different reference frames:

Given an electric field E,, in a reference frame S, without magnetic field, the electric
field FE in another reference frame & moving at a constant velocity v relative to S is:

EY =y EL® and Elv = E)° (5)

where E1? and E!V are the components of E perpendicular and parallel to v.

Nevertheless, this isn’t the end of the story. We would also like to know about how magnetic
fields transform under different reference frames.

Since there’s no moving charge in Sy, there’s no magnetic field induced. It would be helpful
to start from a system with some initial magnetic field to see its rule of transform. Notice
that S will be a good starting point since the charges are now moving, which becomes a
current and can induce a magnetic field.

The magnetic field in S can easily calculated through Ampere’s Law, and is given by:
B = —pyoveg (6)

Now, let’s consider a third reference frame S that is moving at a constant velocity v = v
relative to §. Under this reference frame, the magnetic field is transformed but still exists,
as well as the electric field.

Similarly, the velocity of this system relative to S, can obtained by Eq. 1:

VgtV

v [ —
1+ vov/c2x

and the Lorentz gamma factor can be as well calculated:

_ 1
By

We can also get the charge density in S:
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Those together give us the electric field E and magnetic field B in this reference frame:

E=7E, = <71) —% and B= —OVY = — (%),uoaﬁ@
0 0

We can simplify their common coefficient:

i_\/l—vg/02_ 1—v2/c? _ c? — 2
) ¢

Yo AI=2/2  Al]_ 2 ot __(wgtw)?

(1+vgv/c2)? (1+vgv/c?)?

2 _ (vy +v)° (¢ +pv) (1 +vgv/e?) — (v + v)”

(14 vgv/c?)? (14 vpv/c?)’
_ ¢ 4 2067 + (vyv)? /e — v} — v® — 2057
(1 +vov/c2)2
(@) + PR — )
(1 +v0v/c2)2
_ (@ —vp)(A —v?/c?)
(14 vov/c?)?

Ml—l—vov/& _ 14wg/c® (1+vov)
1—112/02) B V1—v%/c? -7

where
1

! V1—v2/c?

Now, we can write E and B in terms of E and B given by Eq. 4 and Eq. 6:

= vov\ o ovy\
Ez = ’y(l+ 6_2)8_ —’Y(Ey +’U£) = ’Y(EZ —’UBy)
B is a little more complicated:
= V¥ Vg +v
B, = —’7(1 + ),uoav = —’Yﬂoa(l + C_Q) (W)

_ Vg + v UpV  Ug t v
B WLOG(l—i—va/cQ + c? 14 vyv/c?
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. Vg + v Vg + v
7MOU(1+M +C_2+1)
VoV

c2
(vg +v)(1+ 2% v
= —TYHoO
(142 —

= —Ypoo (vg + v)

g
-(5-za)

v
= ")/(By — C—2EZ)

This gives us the rules for transforming § component of magnetic fields and Z component of
electric fields:

E,=~(E,— vBy) and Ey = 7(By — EEZ)

We can also derive the rules for other components by aligning the capacitor in different
directions. Suppose we align the capacitors parallel to the xz plane. This generates an
electric field along ¢ direction, and a magnetic field along Z direction in S:

E = igj and B = pyovyz
€o

The transformed fields are similar, where we just need to replace 2 with § and § with —2:
— — v
Ey :V(Ey—i_UBz) and Bz :7(Bz+c_2Ey)
Eq. 5 already tells us about the £ component of electric fields would be left unchanged:
E{B = EJZ

However, the magnetic fields in this case cancel out each other, producing a net magnetic
field of 0. Therefore, we have to consider another setup to show the transformation for B,.

Consider a solenoid where its axis is parallel to Z direction. As we already know, the
magnetic field inside the solenoid is given by:

B = pgnlz

where n is the number of loops per unit length and [ is the current in the solenoid.

Now, in S, the current changes due to time dilation:

- 9.
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T = §£§ ::J;§Eg::.l]
dt ~ydt vy

Meanwhile, the number of loops per unit length also changes due to the length contraction:

__dN _ _dN
B T T

Those together show that the # component of magnetic field in S is left unchanged:

Bm = Noﬁj = IU’OnI = Ba:

We now have the complete rules for electromagnetic fields under different reference frames:

fields in S as:

E,=E, B, =B,
E,=1(E,+vB.) B.=+(B.+ 3E,)
E,=~(E,-vB,) B,= 7<By - C%E)
where
1

is the Lorentz gamma factor

e

Given a reference frame S moving relative to another reference frame S at a constant
velocity vz, the electromagnetic fields in S can be calculated from the electromagnetic

4. Appendix: Mathematica Code for Figures

4.1. Figure 1

margin = 0.5;

length = 10;

extends = 3;

fieldRange = 3;

cylinderSize = 1;

Show|[

Graphics3DI[{
{Arrow[{{0, -length, margin}, {0, length + extends, margin}}1},
{Thick, Dashing[{Medium, Medium}],
Line[{{0, -length, margin}, {0, length, margin}}]1},

- 10 -
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{Black,

Text[Style["+\[Lambda]", Bold, 15,

FontFamily -> "NewComputerModernMath"], {0, O,
cylinderSize + margin}l},
{Black,
Text[Style["v", Bold, 15,
FontFamily -> "NewComputerModernMath"], {0, length + extends,
cylinderSize + margin}l},
{Arrow[{{0, length, -margin}, {0, -length - extends, -margin}}]},
{Thick, Dashing[{Medium, Medium}],

Line[{{0, -length, -margin}, {0, length, -margin}}1},
{Black,

Text[Style["-\[Lambda]", Bold, 15,

FontFamily -> "NewComputerModernMath"], {0,
0, -cylinderSize - margin}l},
{Black,
Text[Style["v", Bold, 15,
FontFamily -> "NewComputerModernMath"], {0, -length -
extends, -cylinderSize - margin}]},
{Thick, Dashed, Line[{{0, -length, 0}, {0, length, 0}}1},
{Opacity[.5],

Cylinder[{{0, -length, 0}, {0, length, 0}}, cylinderSizel},
{Thick, Arrow[{{0, 2, cylinderSize*2}, {0, 6, cylinderSize*2}}]},
{Black,

Text[Style["q", Bold, 15,

FontFamily -> "NewComputerModernMath"], {0, 2,
cylinderSize*2 + margin*1.5}]},
{Black,
Text[Style["u", Bold, 15,
FontFamily -> "NewComputerModernMath"], {0, 6,
cylinderSize*2 + margin*1.5}]},
H,
VectorPlot3DI
1/(2 Pi*(x"2 + z72)~(1/2))*{z, 0, -x},
{x, y, z} \[Element]
Cylinder[{{0, -length - extends, 0}, {0, length + extends, 0}},
fieldRange],
RegionBoundaryStyle -> None,
VectorStyle -> {Red, Opacity[.31},
VectorColorFunction -> None,
VectorMarkers -> "Arrow",
VectorSizes -> Tiny
1,
Boxed -> False

]

- 11 -
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4.2. Figure 2

margin = 0.5;
length = 10;
extends = 3;
fieldRange = 3;
cylinderSize =
Show[
Graphics3DI[{
{Arrow[{{0, -length, margin}, {0, length + extends, margin}}1},
{Thick, Dashing[{Large, Large}l],
Line[{{0, -length, margin}, {0, length, margin}}]},
{Black,
Text[Style[
"\'\ (\*SubsuperscriptBox[\ (\[Lambdal\), \(+\), \('\)I1\)", Bold,
15, FontFamily -> "NewComputerModernMath"], {0, 0O,
cylinderSize + margin}l},
{Black,
Text[Style["\!\ (\*SubsuperscriptBox[\(v\), \(+\), \('\)I\)", Bold,
15, FontFamily -> "NewComputerModernMath"], {0,
length + extends, cylinderSize + margin}l},
{Arrow[{{0, length, -margin}, {0, -length - extends, -margin}}]},
{Thick, Dashing[{Small, Small}],
Line[{{0, -length, -margin}, {0, length, -margin}}]1},
{Black,
Text[Style[
"\''\ (\*SubsuperscriptBox[\ (\[Lambdal\), \(-\), \('\)I\)", Bold,
15, FontFamily -> "NewComputerModernMath"], {0,
0, -cylinderSize - margin}]},
{Black,
Text[Style["\!\ (\*SubsuperscriptBox[\(v\), \(-\), \('\)I\)", Bold,
15, FontFamily -> "NewComputerModernMath"], {0, -length -
extends, -cylinderSize - margin}]},
{Thick, Dashed, Line[{{0, -length, 0}, {0, length, 0}}1},
{Opacity[.5],
Cylinder[{{0, -length, 0}, {0, length, 0}}, cylinderSizel},
{Thick,
Line[{{0, 2, cylinderSize*2}, {0, 2.01, cylinderSize*2}}1},
{Black,
Text[Style["q", Bold, 15,
FontFamily -> "NewComputerModernMath"l, {0, 2,
cylinderSize*2 + margin*1.5}1}
H
VectorPlot3D[
-1/(2 Pi*(x"2 + z7°2)"(1/2))*{x, 0, z},
{x, y, z} \[Element]

1;

- 12 -
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Cylinder[{{0, -length - extends, 0}, {0, length + extends, 0}},
fieldRange],
RegionBoundaryStyle -> None,
VectorStyle -> {Blue, Opacity[.3]},
VectorColorFunction -> None,
VectorMarkers -> "Arrow",
VectorSizes -> Tiny
|
Boxed -> False

]

4.3. Figure 3

planeSidelLength = 5;
planeHeight = 2;
margin = 0.5;
Show[
Graphics3D[{
{Black,

Text[Style["+\!\(\*SubscriptBox[\(\[Sigma]\), \(O\)I\)", Bold, 15,
FontFamily -> "NewComputerModernMath"], {planeSideLength +
margin/2, planeSidelLength + margin/2, 0}]},

{Black,

Text[Style["-\!\(\*SubscriptBox[\(\[Sigmal\), \(O\)I\)", Bold, 15,
FontFamily -> "NewComputerModernMath"], {planeSidelLength +
margin/2, planeSidelLength + margin/2, planeHeight}]}

H,

Plot3D[

{0, planeHeight}, {x, 0, planeSidelLength}, {y, 0, planeSidelLength},

PlotStyle -> {Opacity[.6]}

1,

VectorPlot3DI

{0, 0, 2},

{x, y, z} \[Element]

Hexahedron[{{0, O, margin}, {planeSideLength, 0O,
margin}, {planeSidelLength, planeSidelLength, margin}, {0,
planeSideLength, margin}, {0, 0,
planeHeight - margin}, {planeSidelLength, 0,
planeHeight - margin}, {planeSidelLength, planeSidelLength,
planeHeight - margin}, {0, planeSidelLength,
planeHeight - margin}}l],

RegionBoundaryStyle -> None,

VectorStyle -> {Blue, Opacity[.45]},

VectorColorFunction -> None,

VectorMarkers -> "Arrow",

VectorSizes -> Small

- 13-
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1,

Boxed -> False

]

4.4. Figure 4

planeSidelLength = 5;
planeSideLengthContracted = 3.5;
planeHeight = 2;
margin = 0.5;
region
Hexahedron[{{0, 0, margin}, {planeSideLengthContracted, 0,
margin}, {planeSideLengthContracted, planeSidelLength,
margin}, {0, planeSidelLength, margin}, {0, 0,
planeHeight - margin}, {planeSidelLengthContracted, 0,
planeHeight - margin}, {planeSideLengthContracted,
planeSideLength, planeHeight - margin}, {0, planeSideLength,
planeHeight - margin}}];
Show][
Graphics3D[{
{Black,

Text[Style["+\ !\ (\*SubscriptBox[\ (\[Sigma]\), \(6\)I\)", Bold, 15,

FontFamily ->
"NewComputerModernMath"], {planeSideLengthContracted +
margin/2, planeSidelLength + margin/2, 0}]},

{Black,

Text[Style["-\!\(\*SubscriptBox[\(\[Sigma]\), \(6\)I\)", Bold, 15,

FontFamily ->
"NewComputerModernMath"], {planeSideLengthContracted +
margin/2, planeSidelLength + margin/2, planeHeight}]},
{Thick,
Arrow[{{planeSideLengthContracted, planeSidelLength,
planeHeight + margin}, {0, planeSidelLength,
planeHeight + margin}}1},
{Black,
Text[Style[ "\ !\ (\*SubscriptBox[\(v\), \(O\)I\)", Bold, 15,
FontFamily ->
"NewComputerModernMath"], {planeSideLengthContracted/2,
planeSidelLength, planeHeight + margin*1.5}1}
H,
Plot3D[
{0, planeHeight}, {x, 0, planeSidelLengthContracted}, {y, O,
planeSidelLength},
PlotStyle -> {Opacity[.6]1}
1,
VectorPlot3D]

_ 14 -
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{0, 0, 4},
{x, y, z} \[Element]
TransformedRegion[region, TranslationTransform[{-.08, -.08, 0}]],

RegionBoundaryStyle -> None,
VectorStyle -> {Blue, Opacity[.45]},
VectorColorFunction -> None,
VectorMarkers -> "Arrow",
VectorSizes -> Small
1,
VectorPlot3D[
{0, 2, 0},
{x, y, z} \[Element] region,
RegionBoundaryStyle -> None,
VectorStyle -> {Red, Opacity[.451]1},
VectorColorFunction -> None,
VectorMarkers -> "Arrow",
VectorSizes -> Small
|
Boxed -> False

]
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